The transverse focal shift (TFS) is a phenomenon that the maximum of a focused field does not occur at the geometrical focus, but is moved a short distance transversely in the focal plane. In this paper, the TFS of vortex beams in a high numerical aperture system is investigated. Four typical types of incident vortex beams are selected and the intensity distributions and the vortices behaviors in the focal region are discussed analytically and numerically. It is found that there are three main parameters, the topological charge, the initial positions of the vortices, and the semiaperture angle influencing the TFS in different ways, and the TFS even can be observed when the vortices annihilate in the focal plane. Our results also show that the intensity maximum can move from the y-axis, x-axis to the geometrical focus, or move from +y-axis to −y-axis in different cases, which may have implications in optical trapping.
Introduction
Optical vortices, or screw dislocations are spiral phase structures around a phase singularity, where the intensity is zero and the phase is undefined [1] - [4] . Optical vortex beams, the beams with optical vortices, have been studied a lot for their many applications [4] , like in optical microscopy [5] , [6] , optical manipulations [7] , [8] , and wireless communications [9] . In recent years, the optical vortex beams with off-axis vortices have received much attention, not only due to their interesting properties, like the rotation trajectory of the vortices [10] - [12] , but also because they are sometimes inevitable, for example the misalignment in generating on axis vortices [13] , [14] . It has been found that an off-axis vortex will lead to the generation of the entanglement of orbital angular momentum (OAM) [15] , decreasing the OAM of the beam [16] , [17] and improving the acceleration of the beams [18] . The off-axis vortex also can be used to observe the rotational Doppler effect [19] . The beams with multi-vortices have been given a lot considerations in the dynamic behaviors of vortices during the propagation [10] , [12] , [20] - [29] , including vortex attraction, creation, annihilation and revival, etc. When a field is strongly focused, the behaviors of the vortices become more complicated [27] , [30] . It has been found that the off-axis vortex followed a 'zigzag' rotation trajectory along the propagation and the intensity peak of the field is changed with the variation of the initial position of the vortex, which is called a transverse focal shift (TFS) [30] . When one refers to the concept 'focal shift', it always means the phenomenon that the maximum of a focused field does not occur at the geometric focus, but closer to the lens in systems with a low Fresnel number [31] - [33] . In a strongly focused field, the Fresnel number is usually much greater than unity, thus the Debye approximation is valid and the intensity distribution is symmetrical about the geometrical focal plane. Therefore the conventional (axial) focal shift will not be observed there. However, in such a high numerical aperture (NA) system, a TFS can happen. Rather than the axial shift of the intensity maximum, the TFS describes a transverse movement of the peak of the intensity in the focused field. It has been found in a strongly focused field with an off-axis vortex that the maximum of a focused field is not coincident with the geometrical focus, but is slightly shifted along the y axis in the focal plane [30] . There are still a lot of questions which are not quite clear for TFS: Does the TFS always exist in the fields for the incident beams with vortices distributed symmetrically or asymmetrically? What is the relation between the positions of the vortices and the intensity maximum? Which parameters are responsible for the value of TFS and how do they affect it? The answers to these questions will help us for a better understanding of the TFS phenomenon and support us a way to control the positions of the intensity minima and maxima of focused fields, which may have implications in optical trapping. The aim of present article is to answer those questions.
The remainder of this article is organized as follows. In Sections 2 and 3, the strongly focused field with multi-vortices is derived by using Richard-Wolf vectorial model [34] , and the definition of TFS is introduced. Four typical cases for different distributions of vortices are selected and examined in Sections 4-7. The intensity distributions and the behaviors of the vortices are discussed analytically and numerically there. As it will be shown that the TFS is quite different in four cases, but it still follows a certain rule. The conclusions are summarized in Section 8.
Focused Field with Multi-Vortices at Arbitrary Positions
For simplicity, we use Gaussian beams as the host beam in present article and assume there are N vortices of charge m k located at r = r k , φ = φ k (k = 0, 1, ..., N ), embedded in this host beam. According to [10] the amplitude distribution of the electric field at the beam waist ω 0 can be expressed as
with r the radial distance, φ the azimuthal angular. When m k is positive, the sign of φ and φ k is + and visa verse. Assume that this Gaussian vortex beam is linearly polarized at x axis and when such a Gaussian beam is incident upon an aplanatic, high numerical aperture focusing system (see Fig. 1 , the system has a focal length f and a semiaperture angle α), the electric field in the focal region at the observation point P can be expressed using the Richards-Wolf vectorial diffraction model [34] as
with the wave number k is 2π/λ and λ is the wavelength. The electric field amplitude V 0 (θ, φ) is described by (1), i.e., V 0 (θ, φ) = V 0 (r , φ), because of r = f sin θ according to the Abbe sine condition. For the expression form of (1), we always need to use the following identity to calculate the each field component:
with J n being the first kind Bessel function of order n. Then the three components of electric field near the focus are expressed as:
where
and the expressions of I x (θ; ρ s , φ s ), I y (θ; ρ s , φ s ) and I z (θ; ρ s , φ s ) depend on the explicit form of V 0 (θ, φ).
Definition of Transverse Focal Shift
The conventional focal shift describes the phenomenon that the axial maximum intensity of the focused field is shifted away from the geometrical focus, which also indicates that the focal plane moves closer to the lens [31] - [33] . It is well known that the conventional focal shift is strongly dependent on the Fresnel number or on the effective Fresnel number of the field in unapertured systems. In a focusing system with a circular aperture, the Fresnel number is N = a 2 /λf [31] , where a is the radius of the aperture, f is the focal length and λ denotes the wave length. In our high NA system, a is much larger than λ and a/f = sin α which will be not very small, thus the Fresnel number N 1 and the conventional focal shift will not be observed. The TFS describes a maximum intensity shift in geometrical focal plane, rather than axial movement of the geometrical focal plane in the conventional case. This kind focal shift can be observed in a focusing system with off-axis vortices embedded in the incident beams. In such cases the intensity maximum of the field, i.e., the 'actual focus' is no longer coincident with the geometrical focus, but moves a distance transversely in the focal plane [30] . The TFS can be defined as the distance between the intensity maximum of the field (the 'actual focus') and the geometrical focus.
In order to study the TFS in vortex beams and determine the factors influencing the TFS, we selected four typical, as well as interesting cases to examine the field distributions in the focal plane. This case is always called 'vortex pair' for short; r Case 3: Two vortices of opposite topological charges located symmetrically in a Gaussian beam, which is named 'vortex dipole' frequently; r Case 4: Two vortices of opposite topological charges located asymmetrically in a Gaussian beam, and this case is called 'asymmetric dipole' for convenience in this article. We will not study further with the general case. The methods presented in the four cases are sufficient to treat any particular case in detail.
Case 1: An Isolated Off-Axis Vortex
For simplicity, we first consider an isolated off-axis vortex located at r 1 = a 0 , φ 1 = 0. It is known that the first order vortices are generic and the field with the vortices of single topological charge is stable [3] . When the topological charge is raised to 2 (or much higher), the vortex is no longer stable since it is not generic, and the single vortex will break into two (or several) single-charge vortices [1] - [3] . Let's first take the topological charge of the single vortex as m 1 
Then the three components of the focused field can be obtained from (5)- (8) and (12)- (25) . The complex conjugate of the field components can be derived as follows:
here the asterisk * denotes the complex conjugate. From these three equations, one can readily finds the symmetry relation of the amplitude of the field follows
and the symmetry relation of the phase of the field is expressed as
here Arg denotes the argument (phase) of the field and the additive factor π on the right side of (32) and (34) is connected with the 'Gouy phase' [34] , [35] . (29)- (31) show that the intensity of the field at two sides of the geometrical focus has a 'rotated' symmetric distribution. By putting z s = 0 in (29)-(31), the field in the focal plane follows:
which means that the intensity of the total field in the focal plane is symmetric with respect to the y axis. The above two symmetry relations of intensity indicate that if there is only one maximum of intensity of the total field, this maximum point must be in the focal plane, and must be on y axis. The focused field with the topological charge m 1 = 1 also can be calculated following the same way (see [30] , note in that paper m 1 = −1). It was known that in such a strongly focused field the major field component is e x which has a relatively much larger intensity ratio than others and the position of the vortices of the e x component hence have a strong effect on the intensity distribution of the total field. In Fig. 2 , the intensity of the total field and the phase of the e x component are depicted for cases of m 1 = 1 and m 1 = 2. From this figure, we can find firstly that the maximum of the intensity always appears along y axis (φ s = ±π/2) in the focal plane, which is also a result of its symmetry relation of the field. The vortices from the incident beam are also located on y axis because of the 90
• rotation [30] . Secondly, as the topological charge m 1 is increased to 2, the TFS is increased, which can be explained as the influence of the more single vortices in the case of m 1 = 2. It can be seen that the single vortex of m 1 = 2 has split into two vortices of equal charge m = 1 at positions (0, 0.05), (0, −0.31) in plot (g) and at (0, −0.40), (0, −1.00) in plot (h ) of Fig. 2 , while in plots (e) and (f ) the single vortex of charge m = 1 is found at (0, −0.07) in plot (e) and at (0, −0.55) in plot (f ). This result is coincident with the statement in [1] - [3] and was also observed in the scalar case [11] . Note that other vortices in the focal plane are the result of the effect of strong focusing, which has been discussed in [35] . The positions of the intensity maximum and the vortices on y axis are drawn in Fig. 3 . Here it is easy to see that the split vortices always appear around the vortex of the case Fig. 3 it can be found that with the increase of the distance of the vortex from the beam center (a 0 ), the TFS decreases gradually, which is coincident with the result of [30] .
When the single off-axis vortex has much higher order topological charges, the focused field can be derived following the same way as it was given above. The single vortex with higher order charges will also split into several vortices with equal charge as it was discussed for the case of m 1 = 2. From expressions of the focused field, like (5)- (8) and (12)- (25), it can be found that there are three main parameters besides of the topological charge m 1 influencing the TFS: a 0 -the initial position of the vortex in the incident beam, α-the semi-aperture angle, and ω 0 -the beam waist. In Fig. 4 the positions of the intensity maximum with the variation of these three parameters are illustrated. We can find that: first, the TFS is proportional to the topological charge m 1 , while it is inversely proportional to the distance of the vortex from the beam center a 0 and semi-aperture angle α; second, when the topological charge is higher, the influence of a 0 and α becomes more obvious; third, the beam waist ω 0 does not contribute much on the TFS. According to the calculations in the following cases, one can find that the effect of the beam waist ω 0 on the TFS is relatively quite weak, and we will not discuss it again in other cases.
Case 2: A Vortex Pair
In order to discuss the TFS when the incident wave with amplitude and vortices distributed symmetrically, we consider two cases with same symmetric amplitude distribution but different vortices. 
with
Therefore the total field can be obtained from (5)- (8) and (38)-(48). Different from the symmetry relations of the focused field in Case 1, the field with a pair of vortices has the following properties:
A straightforward calculations then yield:
and
Also in the focal plane, the amplitude and the phase of the field follow:
which implies that the intensity of the field in the focal plane is symmetric not only with respect to the y axis but also with respect to the x axis, and if the phase is known in one quadrant, the phase of the field in other quadrants can be obtained by using the symmetry relations. All the symmetry equations above indicate that if there is one intensity maximum in the focused field, this maximum point must be at geometrical focus, and if there are two intensity maxima, these two points must be located on the x axis or y axis in the focal plane. The intensity of the total field in the focal plane is shown in Fig. 5 . The maximum of the intensity is denoted by red circles. Firstly, there can be two maximum points of the intensity ('actual foci') in the focal plane for the incident field with two vortices of equal charge. This is caused by two parts. One is the symmetric distribution of the amplitude with respect to the y axis in the incident plane. Another is the two intensity minima located at y axis symmetrically in the focal plane because of two vortices of e x component with same charge. The locations of two vortices on y axis in the focal plane is generated by two factors: 1) in a focusing system an off-axis vortex will rotate up to 90
• in the transverse plane to the focal plane and the rotation direction is dependent on the sign of its topological charge [10] , [30] ; 2) two (isotropic) vortices of equal charge will propagate without interaction [22] , [23] . Therefore the two vortices with equal charge rotate up to 90
• in the same direction from the x axis to y axis. The phase of the e x component in the focal plane is shown in 6 and it is easy to see that two vortices of equal charge are located symmetrically with respect to the x axis and the locations of the vortices depend on the parameter a 0 which will be discussed later.
Secondly, from Fig. 5 it is interesting to find that the location of the intensity maximum can be on x axis, on y axis or at the geometrical focus. With the increase of a 0 from 0 to 2 mm, the two intensity maxima move from the y axis to the x axis, and at final combine at the geometrical focus which means that the TFS is zero. This phenomenon also happens when the semi-aperture angle α is decreased. Fig. 7 shows the distance between the intensity maximum and the geometrical focus with the variation of a 0 [plot(a)], and the variation of α [plot(b)]. The green circle indicates the intensity maxima on the x axis. We can see that in plot (a) before the intensity maxima move to the x axis, the TFS increases with increase of a 0 , which is opposite to that in Case 1, whereas in plot (b) the TFS along y axis is inversely proportional to α which is as same as it in Case 1. Note that when α is very small (here in plot (b) of Fig. 7, α < 30 • ), the intensity maximum can be on central axis, which indicates that when NA is low and the field is more like a scalar case, the TFS may not be observed.
Case 3: A Vortex Dipole
In this section, we change the topological charge of the vortex 2 which is located at (r 2 = a 0 , φ 2 = π) into m 2 = −1 and keep others parameters as same as they are in Case 2. The amplitude function V 0 (θ, φ) now has the form of e −f 2 sin 2 θ/ω 2 0 (f sin θe iφ − a 0 )(f sin θe −iφ + a 0 ) and those three functions of kernel I x (θ; ρ s , φ s ), I y (θ; ρ s , φ s ), I z (θ; ρ s , φ s ) can be derived as:
Now the focused field in this case is obtained by using (5)- (8) and (64)- (75) and after some calculations one can find that the field satisfies the following relations:
The symmetry properties of the amplitude and the phase of the field can be expressed as
These equations indicate that not only the fields at the two sides of the focal plane have a 'rotated' symmetry relation, but also the fields at one side (z s > 0 or z 0 < 0 side) have symmetry properties with respect to the plane of φ s = ±π/2. When we put z s = 0, the field in the focal plane follows:
The intensity relations, (85)- (87) show that the intensity of the field in the focal plane is symmetric with respect to the y axis. According to the phase relations, (88)-(90), we can get that
if the phase is well defined, which can be seen in plot (b) of Fig. 9 . This result implies that vortices do not exist in the focal plane. Combining with the symmetry relations of the field outside of the focal plane, we can say that the vortices must annihilate in the focal plane and revive outside of it. From these symmetry relations we also can find that if there are one or two intensity maxima, they must be on the y axis of the focal plane. Fig. 8 shows the intensity distribution of the total field in the focal plane and the intensity maximum is also denoted by a red circle. First, we can find that generally there is only one maximum point of the intensity rather than two maxima in the vortex pair case, even they have the same intensity distribution in the incident field. This is because that two vortices of opposite charges rotate oppositely in the transverse plane and annihilate with each other on the y axis in the focal plane, which results in an intensity minimum there. The annihilation is shown in Fig. 9 . In this figure, the first line is the phase of the e x component in the transverse plane and the second line shows the corresponding intensity distribution of the total field. One can find easily that the two vortices with opposite charges rotate in opposite direction and annihilate with each other in the focal plane. In plot (b) of Fig. 9 , the yellow color denotes the value of π/2, while the cyan denotes −π/2 and the white curves between them are phase singularities (not phase vortices) where their phases are undefined. From (5), (8), (64) and (67)- (70), one can find that the e x component in the focal plane is purely imaginary. As it was discussed in [34] , there are ring-shaped phase singularities of e x in the focal plane, which form the well-known Airy rings in classical scalar diffraction theory. The phase jumps by an amount π across these singularities.
Secondly, the intensity maximum can be on the '−y' axis (φ s = −90 • ). If we separate these two vortices and examine the trajectory of the individual vortex, each vortex will rotate up to 90
• in the transverse plane along the propagation and will be located at the −y axis. The 'actual focus' therefore should have a position the '+y' axis. However, when there is a vortex dipole, the two vortices will interact with each other strongly during their propagation, including creating new vortices, annihilating vortices with opposite charges, and reviving again. Their trajectories hence will not be limited in the −y half space, or we can called it the normal space. This phenomenon can also be observed in a scalar field. It was found in [10] that when x 0 > ω 0 / √ 2 = 1.414 mm (x 0 is the distance of the vortices from the beam center), the vortices move toward y < 0 (which is the abnormal space in that case). While in a high numerical aperture system (i.e., a vector field), the behaviors of the vortices are more complicated, and we find that whether the vortices move in a normal space or not depends on two parameters, the distance from the incident beam center a 0 and the semi-aperture angle α. The position of the maximum of the intensity with the variation of a 0 [plot (a)] and α [plot (b)] is shown in Fig. 10 . When vortices annihilate on the +y axis, the intensity maximum will be located on the −y axis, and vice versa. We can find that when a 0 is quite big or/and α is very small, the intensity maximum is on the +y axis which means that the vortices move in their normal space. It is not hard to understand that when the distance between two vortices of opposite charge is larger or the numerical aperture is lower the interaction between the vortices will be weaker and the vortices will behave more like the isolated vortex. Thirdly, when the intensity maximum is on the +y axis, from Fig. 10 , it can be observed that the TFS is inversely propositional to the a 0 and α, which is as same as it in the isolated vortex case (Case 1). to the y axis which can be seen in plot (a) of Fig. 11 . The plot (b) of Fig. 11 depicts the corresponding vortices of e x component.
Firstly, from Fig. 11 we can see that unlike the annihilation of the symmetric vortex dipole, the two vortices of opposite charges in this asymmetric case still exist along the y axis in the focal plane where the intensity maximum is also located. If one examines the field during the propagation, it can be found that the two vortices with opposite charge always interact with each other, although the off-axis one rotates gradually from x axis to y axis as the isolated off-axis vortex does (in Case 1). The interaction results in 'pushing' away the vortex on axis from the beam center.
Secondly, the TFS is mainly dependent on the parameters a 0 and α, which is shown in Fig. 12 . The positions of two vortices with opposite charges are also given in this figure. We can see that with increase of a 0 or/and α, the TFS becomes smaller and smaller, which is coincident with that in the isolated vortex case (Case 1). It is also quite interesting to see that the maximum point of the intensity is always located in the midway of those two vortices, even when they are quite near each other (for instance when α = 80
• ), which is very different from other cases.
Conclusion
The TFS of vortex beams in a strongly focused field has been studied. The vortices were assumed to be located along the x axis in the incident Gaussian beam. The expressions of the fields near focus have been derived for four typical cases of the incident field with different distributions of vortices, and the symmetry relations of the focused fields have also been analyzed. We found generally that the TFS can be observed in almost all the circumstances and the 'actual focus/foci' (the maximum/maxima of the intensity) was/were found to be located on the y axis frequently. In the isolated vortex case, the 'actual focus' was found always be located in the opposite side of the vortices on the y axis, whereas the intensity maximum stayed in the midway of the two vortices (with opposite charges) on the y axis in the asymmetric dipole case. Even they have the same intensity distribution in the incident field, the TFS was found to be quite different for the vortex pair case and the vortex dipole case. It is surprising to find that the two 'actual foci' in the vortex pair case can not only be located on the y axis, but also be positioned on the x axis, even can be on the central axis. While in the vortex dipole case, it is also very interesting to see that the only one 'actual foci' can move from the +y axis to −y axis (the abnormal space). Especially, it has been found analytically that in the (symmetric) vortex dipole case the annihilation happens in the focal plane all the time rather than only in certain conditions [10] , [21] , [24] , [26] , whereas the annihilation was not observed in the asymmetric dipole case. These findings may give some suggestions in optical manipulations where the intensity maxima and optical vortices are used to trap particles. Our results also show that there are three main parameters influencing the behavior of the TFS: the topological charge of the vortices m, the initial distance of the vortices from the beam center a 0 , and the semi-aperture angle α. Firstly, with increase of the topological charge, the TFS has been seen to increase as well. Also the influences of the a 0 and α become more strongly with higher order of the topological charge. Secondly, a 0 and α influence the TFS in different ways. They both have been found to be inversely proportional to the TFS in most situations, including the isolated vortex case, the dipole vortex case when the vortices move in their normal space and the asymmetric dipole case. In the vortex pair case, it has been shown that when the intensity maxima are along the y axis, the TFS will become bigger as a 0 is increased and will be smaller with larger α. The rules that these parameters work on the TFS may supply a way to control or design the distribution of the field in focusing systems, and also can help us for understanding the effects of the off-axis vortices.
